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Reconciling Divergent Estimates in

Property Assessment Cases

By: SHELDON EPSTEIN, BERNARD DICKMAN and
YONAH WILAMOWSKY

Introduction

This paper reviews a Baraisa,' Bava Basra (B”B) 107a, which offers
three tannaic opinions with respect to the determination of the val-
ue of a property when three designated court-appointed experts
cannot agree on a single fair price. The Gemara explains each of the
Baraisa’s Tannaim and offers an opinion as to which one to follow
halachically. The Gemara concludes with Rav Ashi saying he does
not understand the Gemara’s recommended approach. He does not
offer an opinion as to which alternative he considers best. The 7:-
shonim interpret the Baraisa in ways that raise many logical prob-
lems they have difficulty resolving. We will discuss the Gemara and
the traditional explanations of the three tannaic positions, and then
offer a different interpretation of the Baraisa that leads to results
that are consistent with how a modern quantitative analyst might
address the issue.

The Two Cases of the Baraisa and Basic Statistical
Terminology

The Baraisa begins with the unchallenged ruling that when two of
the three valuations are identical, the “one being in the minority is
overruled.” We will henceforth refer to this as the “majority” rule.
In statistical studies when we want to find a single value to

' The Gemara as well as an English translation is provided in the Appendix.

When the meaning of the Aramaic word is ambiguous we transliterate it.
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represent a set of numbers, the most commonly used measures are

the:

e Mean:  Sum the list and divide by the number of num-
bers there are in the list,

e Median: The value with as many numbers in the set less
than it as more than it,

e Mode:  The most frequently occurring value

The Baraisa’s decision to follow the “majority” rule, in a situa-
tion where two out of three values in a set of numbers are identical,
is consistent with both the Median and Mode values.

The Baraisa follows with three suggested methodologies for
dealing with cases where the three evaluations are different and the
“majority” rule is ostensibly not applicable. It illustrates this situa-
tion for assessments of: 80, 100 and 120:

o Tanna Kamma (T”K): 100

e R.Eliezer b.R. Zadok (REbRZ): 90

o Acherim: Osin shuma bainaiben
umeshalshin.

Explaining Tanna Kamma—~N\ny Xn

The Gemara® proceeds to explain the reasoning for each of these
positions. It attributes T”K’s choice of 100 to Xny'¥n (Metsia-
sa=middle). In statistical studies the search for a designated repre-
sentative for a distribution of numbers is referred to as looking for a
“Measure of Central Tendency.” The Mean and Median always re-
sult in numbers that are in some way “central” to the distribution
they represent. This may or may not be true for the Mode.?

The explanations do not appear to be part of the Baraisa but rather the
Gemara’s analysis of each position.

In our case there is no unique Mode (i.e., all values appear once). Even in
cases with a unique Modal value, it is possible that the Mode appears at
the lower or upper end of the list of numbers and a more representative
value from the center may be preferred.
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The Mean and Median as “middle” representative values, date
back to the Greeks. The words Mean and Median come from the
Indo-European root medhyo, and Pythagoras and the mathemati-
cians of his school used the word mesotetes for Mean. Other words
drawn from the same root as Median include: mediate (in the mid-
dle of the opposing parties), medium, mitten (put your hands in the
middle), meridian, and Mediterranean (the middle of the world).
The Gemara’s Xny>¥n, from a historical, logical as well as linguistic
standpoint, could thus conceivably be referring to either the Mean
or the Median. In the 80, 100, 120 case T”K’s choice of 100 as the
XNY°¥n is consistent with both the Mean and the Median. In most
cases the Mean and Median will not be the same. For example if the
assessments were 90, 100 and 130, the Median would be 100 while
the Mean would be 106%.

In reviewing the commentators on B”B 107a we found none
who suggest T”K is referring to the Mean.* In fact we know of
no example of any Gemara ever clearly employing a Mean for
any purpose.” Although we do not know of any commentator

The reason, in our case, not to select the Mean as the final assessment
value is understandable since a single extreme assessment could have an
unduly high impact on the final value.
> Rambam, Hilchos Kiddush HaChodsesh does use the word Emtszai to refer
to the Mean:
--UXNRT 009m2 AW ovd X2APDW TV A7 Aawn DY AT 1n vapnown A
AWPW MIRD YWY 1% NPNNR DWPW OvR MYY SOy 2w Y 2w Iywn
SW AWTIN R AT, T T 92 PAW 1T RIT N WY bW Dywn PO oywm
1122
The way the ancient world determined the average length of a lunar cycle
was based on the fact that a Solar eclipse can only occur at the time of a
lunar conjunction. Thus they noted how many days there were between
two consecutive Solar eclipses and divided it by the number of lunar
months that occurred during that period. The resulting value is thus the
Mean lunation. However, when the Gemara discussed this figure it re-
ferred to this length of a lunar cycle as a minimum, not Emiszai, i.e.,
DWYA ININD 7320 YW TN TR RIX °2R N°2n ’Jb:ﬂPD pERS oo MR L1 M
.D’Pbﬂ A"V YW WL W FXAM 2 vwm
We should also note that there is some discussion as to whether this refer-
ence in the Gemara was a later insertion. See, e.g., Epstein et. al. “A 5765
Anomaly,” Tradition, Vol. 38, No. 3, pp. 40-59, Fall 2004.
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who directly associates the Gemara’s xny>xn with the Median, 7
7”7 (Yad Ramah) adopts the “majority” rule given in the opening
case of the Baraisa to eliminate both the lower and the upper as-
sessments,’ i.e.,

o Those who assess 80 and 100 agree that the value is <
100. Hence its value cannot exceed 100,

o Those who assess 100 and 120 agree that the value is >
100. Hence its value must be at least 100.

Thus, by applying the “majority” rule twice, the resulting eval-
uation must be 100. Although this is not the rationale behind the
general selection of the Median (i.e. that it is literally the value in
the middle of the list), this reasoning always results in the selection
of the Median assessment value regardless if it is exactly midway
between the two extreme values or not.”

Other than in B”B 107a, Xny*X¥» appears many times in Talmud-
ic works as being the middle between two extremes. For example,
with respect to Mishnayos® that present three cases, Xn¥¥» is the
middle case between the Xw™ and &5°0. Other usages of Rny*xn
from Targum, Gemara and Midrash include

Shemos 26:28

TiN3 ,12n0 12 and the middle bar in the midst of the
n¥RPa-1N ,M1AN ,0'WIpA boards, which shall pass through from
1¥P7-98 end to end.

D0 ¥5°0 1 N2V R'OT 12 IRYONA "R 21N

6 Dy XOW XY 1T TN I MRPT TR 1T 201N NPRT DWY KT ORTT T
0PN TAR W TIAT PRY 0D A T 7P NORT Y90 DOWRW MRPT TTRY 1100
AMRPT R 73010 <ND XMW X927 170 WIN whY AMNRPT 730 MRPT RXT DI
0°1W D212 TR 5w 127 PRY TN il iR akhilalirg

Also mentioned in D23 *W7W as an explanation of Rashbam on B”B
107a.

One interesting example is .70 N2> where the Mishna says there are 4
cases and proceeds to explain the first, second and fourth. When the Ge-
mara then refers to the Mishna it calls the second case xnowxn.

Targum for 1>°n is xy*¥n. In Hebrew the Mediterranean is 115°ni1 o°.
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Yerushalmi Sanbedrin 1:1

What is the signature of the Holy One blessed be he? Rebbe
Bibi in the name of R’ Reuven “Emes.” What is “Emes”? Resh
Lakish says aleph is at the start of the aleph-bais, mem b’emtsiasa
{middle}, tav at the end, to say I Hashem am first, that I did
not get it from another, and other than Me there is no deity,
because I have no partner, and I am the last because in the fu-
ture I will not hand it over to another.

Pnei Moshe d”b Resh Lakish: The reason is that aleph at the
beginning of the aleph-bais, mem in the middle, tav at the end,
indicate past, present, future.

Devarim Rabba 1:10

R’ Reuven said, What is the signature of the Holy One blessed
be he? “Emes.” Why “Emes”? Emes has three letters. Aleph is
the first letter, mem emtsais, tav the end, to say I am first, I am
last and there is no deity other than Me.

Chidushai H’Rashah d”b mem emtsais:
That is with the doubled letters.!!

The Yerushalmi and Devarim Rabba citations both express the
idea that the word nnX is a composite of letters from the beginning,
Xn°y¥»R (middle) and end of the Hebrew alphabet. However, since
there are 22 letters in the Hebrew alphabet, the 11% or 12" letters in
the Jewish alphabet should be the middle letter, and mem is the

MR 12X M awa 273 27 2RI T2 WITRT W NI e RiR PITIIe cnbeyy ©
M5 719102 1N ANOYXARA 2" RN RDIRT WO q"9R WOPH w0 MR, 2NnR 1
RIT IR QAR DR AMW O2 PRY 277K PR TV NRA 2NH%R XOW WK IR
AR 7017 TRV ORY
779102 N RMOVINRI 0”7 RN ROYRT 7w 79RT RAVY 1127 0K 9 5777 mwn 1
hihdhihinih Rl

WY NIR 200K 7091 LR 2R T2 WA W MmN 1) J2IR0 7R iR man avar U
IR PWRI IR W 190 1N OYEAR "R DMK W PwR 99K DM wow 1
SR TV ONR
M9 DPMIR OV 1277 XOVRAR 07 77T WIWIR UTR
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132 Chidushai HaRashash therefore explains that in addition to
the 22 regular letters, there are 5 letters that are written differently
when they are at the end of a word. The middle item in an ordered
set of 27 items is the 14" item. Assuming that when ordering letters,
the regular letter precedes the end form letter, the 14 letter is the
regular n.

All of the above examples deal with sequencing of words or cas-
es and not with numbers, and refer to something that lies exactly in
the center of two other things. Thus, it is possible that Xny°¥n refers
to a central item exactly midway between two extreme values (we
will call it the mid-range) and not the Median which may not be in
the exact middle. Indeed, Rambam explains Xny*¥» in B”B 107a in
such a way:

Three who went to make an assessment—if one says 100 and
two say 200, or if one says 200 and two say 100, the individual
is nullified because he is in the minority. One says manna
{100}, one says 80 and one says 120 the judgment is 100. One
says 100, one says 90 and one says 130, the judgment is 110.
And this is the manner in which judgments are always made."

This assumes Rn°Y¥» means the precise middle. However, the word the
Gemara uses for the precise middle is vxn, e.g.,

DR VAW AN NPNIRT DI 0°I9I0 1AW 201910 2UIWRI RIPI '|D’D]7 ) TR
P00 KW AN M DW XA W7 wAT N0 DW NPMIR YW PR PmaT "R
27 °Y2 2’1097 1Y W 792° 00 KM o°onn v X0 W7 1Y Y TR 100D
N3 K772 IR RO ORI [230M 017 27 992 ... RO R IR RO R 110737 1'R) 501
Perhaps then ®n°y¥n means something close to the middle but not neces-
sarily the exact middle. Thus, although the exact middle of 22 letters are
the 11" and 12", i.e., 3 and %, the triplet of letters have to spell an existing
word. naX is such a word and since it is “a” (even though it is not “the”)
central letter, it was used.

Bomxox ,0NRND2 DA DI 7222 IR TR--DIWD 1TV FWHW 700 Y e
AR TARY IR MR AR A0WIHA T D0A--TIR2 DR OO D1NRPD MR
DVWN2 IR TARY ARDD MWIR AR SARND2 1771 ,0°7WYY AR NN CTARY 2212
Q2R 17102 PAY I TIT 93 TIWYY RN N1 ,20W0W RN IR TR

Rambam clearly implies mid-range although he does not say how he de-
rives 110. Shulchan Aruch Choshen Mishpat 103:3 spells it out in detail.
Meiri also explains the T”K as Rambam does but offers as an example 80,
120 and 140 (with the midrange still 110 as in Rambam’s example). Rashbam
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The Median for 90, 100 and 130 is 100, but Rambam’s Xn°vxn is
110. His interpretation, however, leads to an apparently illogical
mathematical conclusion™ in that it assigns a higher valuation for
90, 100, 130 (i.e., 110) than for 100, 100, 130 (i.e. 100, based on “ma-
jority” rule) even though all the numbers in the latter triplet are
greater than or equal to those of the former. One possible solution
is that the 90, 100, 130 ruling is based on peshara (compromise)
whereas the 100, 100, 130 ruling is based on the halachic principle
of “acharei rabim” (majority rules) and the two cases need not be
mathematically consistent. Rambam’s position also leaves open the
question as to why the Gemara illustrates the dispute with 80, 100
and 120 rather than the more revealing 90, 100 and 130?

Explaining Reb Elazar ben Rav Tzadok—Ignoring the High-
est Assessment

The Gemara next explains that REbRZ’s 90 valuation is based on

o dropping the highest assessment (i.e., 120),

e assuming that 90 is the correct value, and

o attributing an equal error of 10 to both the 80 and the 100
assessors, 1.e., one erred on the high side and the other on
the low side.

The Gemara asks, why not drop the lowest value of 80 and
apply the same type of reasoning to the upper two assessments
which results in an assessed value of 110? The Gemara responds:

J1°79PDn KD 731 NINNRT 77°2 RHP 0N DTk 0Pl
Use, in any event, the first two, for they do not take {the land}
out of the category of maneh.

mentions another case according to T”K where one of the evaluations was
28 (i.e., 112). He is, however, unclear as to:
e  Whether he means the middle estimate was 112 (rather than 100) or
the highest estimate was 112 (rather than 120).
e Whether the final estimation stays the same as in the 80, 100, 120 case
" See, e.g., 37 12°0 1" VDN DN,
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Rashbam’s explanation (Tosafos concur) that it is a result of
nwon XY 7217 nwon (do not take an overly large sum) is unclear.
Whatever assessment is made will benefit one party at the ex-
pense of the other, i.e. a low value (which the Gemara is suggest-
ing) benefits the creditor and a high value benefits the debtor.
On the one hand the borrower is in possession of the field, prmn,
and this should give him the stronger position.” On the other
hand, it is also true that he is in possession of the creditor’s mon-
ey. In a case where the value of the property is uncertain, it
seems unclear as to who should get the advantage.

Although the Gemara here does not mention anything about
how the arrived-at valuation is implemented, Shulchan Aruch
(Choshen Mishpat 103:1) says that this number is simply an initial
value that is placed on the field, which is then put up for sale at
this price.'® Potential buyers are then encouraged to bid up the
value of the property. If the field is ultimately sold at a value
greater than its opening assessment, the new actual sales price is
used to pay off the creditor. If on the other hand no one is will-
ing to pay the initial offering price, the initial price is used to de-
termine the creditor’s payment. Thus, the estimated value the
Baraisa is discussing is meant as a minimum value protecting the
borrower’s interest.” From this perspective Rashbam’s nwsn

' Ramban indeed argues that the borrower has the upper hand for precisely

this reason. He then struggles to answer why we accept the lower esti-
mates to the borrower’s detriment.
Although the Gemara discusses the estimation process here in Bava Basra,
and the public auctioning of the property in several places (e.g., Arachin
21a, Bava Metzia 35b) the exact sequencing of the procedure and the con-
sequences of not getting a bid equal to the property valuation amount is
not definitively stated in any Gemara (see Gra C”M 103, $”K 3). Rambam
M7 mon 22:6-8 gives the general outline of the procedure but does not
specifically say what happens if the initial assessment is not met. Maggid
Mishna explains that Rambam is consistent with the position of Shulchan
Aruch.
7" The New York Times Thursday October 28, 2010 page 26A writes:
“It’s not impossible that the sale of the conservatee’s house to the conser-
vator might be in the conservatee’s best interest,” Ms. Scott said, “but to
avoid the appearance of self-dealing, a careful conservator would get three
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nwoan XY 721 is very reasonable. Although we want to protect
the borrower from getting too low a price for his property, it is
unreasonable to place this lower-limit safety net at what appears
to be an inflated value."

Explaining Acherim—7w5wn

The Gemara continues with an explanation of the “Meshalshin” po-
sition of Acherim. It says this means:

. Divide the range (in this case 40: 120-80) by three'” (i.e.,
40/3 = 13%),

. Ignore the upper most value (like REbRZ), and

. Assume that both lower assessments meant 93% (i.e.
80+ 13%) but erred on either side of it.

Rashbam explains that Acherim agree with REbRZ that the two
lower values both were deviating from the same number, but disa-
grees that the deviation is 10. Since the numbers here are greater
than 80, Acherim feel the amount of deviation is greater. Rashbam
offers neither a rationale for 80 being the critical number, nor a me-

appraisals by commercial realtors unrelated to him and then buy the

house for the highest estimate.”

The fact that Ramban struggles with the positions presented in this Ge-

mara and does not mention that this number is only an initial minimum

bid, would seem to indicate that he would disagree with Shulchan Aruch’s

description of the procedure.

TWown appears several times in Shas and generally means to divide into 3

parts. In the following case:

L, IRXPDI--0OV2R ﬂ1|71773 21 RITW L,°N9D WOR DR AKX DTV MR IR Non

WX 0 arwn" own (2,0 M) "Pw 7Y YT mvn XY Dwn onne PR

XOR TPI2 TR LN DMOM LPRD 27 M7 (0,0 01aT) "TARY mwyo oot

PNRA 177 270 KW MY TR0 .mona '[’WbWD TRY 72 ]’WbWD Rapiiminh

93, PRAM RENI--DPIIR MPIR M RIIW IMTYA T PWIWD P IRYAI--T

Rakiimiph .'||7117 Ry TN

Rashi Makkos 3a offers an alternate explanation:

TP WL WY T M 0 PUIwR VAR IR 71 0TV AwhW OR 1ena Twhwn

12 TWADT PRYAN RIT R RIWD PWHWR X1 01 R P9 000 WOR w102 annwin®
Y2 17 VIR OX P P R INwIw
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thodology for determining the error amount.*® Moreover, the Ge-
mara’s presentation seems to relate the error amount to the differ-
ence between the highest and lowest assessments (i.e., 40) and not
the size of the assessments themselves. Thus for evaluations of 20,
40 and 60 it would appear that Acherim would decide on a com-
promise value of 33%.

The Gemara explains that according to Acherim both the 80
and the 100 assessments err by 13% from 93, and that the one who
valued the property at 100 really wanted to say 106% but thought
to himself “It is enough that I have exceeded my colleague's by so
much.”” This presentation raises two issues. The first issue is that in
effect the 100 assessment is being completely ignored and not con-
tributing towards the final evaluation. The 106% that we are assign-
ing to the middle assessor is derived by dividing the two extreme
assessments (i.e., 80 and 120) by 3 (hence 40/3 = 13'4). This 106%,
when averaged with the lowest assessment of 80, yields the final
93Ys. Presumably anything that the middle assessor would have said
between 93% and 106% would have still been assigned the value of
106%.

The second issue is how the 100 assessor knew what his col-
league was going to say. Tosafos explain that “this is the order of
things that the two lower assessors speak first.” We are not sure
how this is operationally done. How does anyone know which as-
sessors are going to come in with the lower assessments?”* Moreo-
ver, as explained above, having the lowest assessor go first is not
sufficient since the number the Gemara says the middle assessor re-
ally wanted to say is 106%. This number however can only be cal-
culated after we know both the lowest and the highest assessments.
Rashbam addresses the question more broadly than Tosafos:

* Tt is also not clear from Rashbam whether REbRZ holds that 10 is a fixed

amount of error or whether he too considers it the midrange between the

two lower valuations.

Le., he does not wish to exceed the lower estimate by too much.

Tosafos seem to take the word *¥»p in the following expression literally.
.9 °pOn KD 710 NMNAT 702 *X0P >IN N LIPI

21
22
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...even though we do not know the words of the first one, nev-
ertheless, they have been discussing the matter and everyone
knows what is in the heart of his friend.

Rashbam’s view seems to be adopted by x"nwn a2 Shulchan
Aruch Choshen Mishpat 103:3 seif katan R, who says that the three
assessors should deliberate together and discuss the matter so as to
get the best possible estimate.

Just as it did with REbRZ, the Gemara questions Acherim’s
primary reliance on the 80 and 100 assessments rather than on the
100 and 120. In applying Acherim’s reasoning to the 100 and 120
assessments, the Gemara suggests that the correct number should be
113 and that the lower assessor deviated from the correct number
by the full 13% and again, the person who estimated 120 did not
want to exceed the 100 by too much. Tosafos ask (and do not an-
swer) that it is illogical that three assessments 80, 100 and 120 result
in a valuation of 113% since in a case where there are only two as-
sessors with assessments of 100 and 120 the value of the property
would be placed at 110 (i.e., each deviated by 10 from the correct
value). How could a third assessment of only 80 raise the final value
from 110 to 113'%? Ramban answers that in the case of two asses-
sors, the result would not be the average of the two. Rather, the
rule of “hamotzi mechavero” would apply.”

The Gemara concludes with two different assertions that the ha-
lacha is according to Acherim. Each assertion concludes with Rav

»  See footnote 16. Ramban also suggest that there is no such thing as having

only two assessors. This, however, does not really answer the question
since Tosafos’ question can be formulated in a case of three assessors who
came in with values of 100, 100 and 120. In this case there is no question
that the value of the property would be placed at 100 (the first case of the
Baraisa). How then could the lower triplet of assessments of 80, 100 and
120 result in the Gemara’s suggested value of 113% (i.e., 13% more)? This
variation of Tosafos’ question is exactly the same as the one we previous-
ly mentioned with respect to Rambam. The fact that Ramban feels that
he has an answer to Tosafos’ question, and the fact that Tosafos did not
ask the question from the case of three assessors, support the position
previously given that we have to differentiate between cases decided by
majority rule and cases decided by peshara.
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Ashi saying he does not understand Acherim’s reasoning.** Where
does this leave the halacha? As we have seen, Rambam indeed does
not follow the opinion of Acherim but rather that of T”K.

In the next section we offer a different interpretation of the Ba-
raisa and explain how it addresses the difficulties we have raised
with the way the Rishonim understood the Gemara’s explanation of
Acherim.

A Mathematical Analysis of the Gemara

From a practical perspective, the classical commentators’ explana-
tions of the Gemara that we have until here presented are, at best,
incomplete. The Baraisa begins with the assertion that when two of
the three assessors agree on a value, this is the value to be assigned.
Does the word “agree” mean identical? Suppose the assessments of-
fered were 80, 81 and 120:

e Are 80 and 81 treated as being the same (since they are so
close) and based on the “majority” rule, the final assessment
is placed somewhere between 80 and 81?

e Are 80 and 81 treated as different and according to Ram-
bam’s previously mentioned position the assessment is
placed at 100?

If the Baraisa meant that to apply the “majority” rule, the two
numbers would have to be literally identical, the practical applica-
tion of the halacha is very limited and gives us no guidance of what
to do in the overwhelming majority of cases that are not identical.
On the other hand, if the Gemara held that when two values are

2 The exact words of Rav Ashi are

N0 1072y RNOYA YT X7 DORT RAYY OWR 27 IR

We do not know the reason of Acherim; shall we administer the

law in accordance with their view?
All of the commentators take this as a rhetorical question, i.e., I cannot
follow this ruling since it is illogical. It is, however, possible to read this
in an affirmative way, i.e., we will follow this decision even though we do
not understand it. The argument in favor of this reading is that if Rav
Ashi meant to disagree then why did he not say what he suggests be
done?
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“close” they can be considered as “identical,” how do we define
close? For example, if rather than 80, 100 and 120 the Gemara had
offered an example of 80, 100 and 480, would we say that the 480
assessment is so out of line with the other two that it may be
dropped? More extreme examples can be devised until we reach the
point of saying that “identical” means “close” and that “close” is rel-
ative. This means that the Baraisa, in the final analysis, has really
not conveyed a usable methodology for dealing with the problem.

We suggest that in fact this Baraisa is addressing two separate
issues and that the three Tannaim cited may not necessarily be in
total disagreement, i.e.,

e How to handle situations where several of the estimates
are 1dentical or close.

e How to handle situations where all of the estimates are
far apart.

The Baraisa begins with the universally accepted “majority rule”
that when two estimates are identical they alone determine the val-
ue of the property. The Baraisa next turns to an opposite-extreme
case where no two assessments are identical and the middle assess-
ment is equidistant from the lowest and highest assessments, and
offers the position of T”K. As noted previously, although Rambam
understood metsiasa to mean mid-range, 17 7 says it is the middle
assessment. Using the middle assessment in the case of:

e 90,100 and 130 (Rambam’s case) - yields 100,
e 80,81 and 120- yields 81,
e 100, 750 and 800 - yields 750.

Thus according to Yad Ramah T”K’s methodology will never
allow a valuation that is totally out of conformity with the other
two (whether on the high side or the low side) to overly influ-
ence the final result. T”K does not have to deal with the issue of
closeness since the choice of the middle assessment (Median)
guarantees that the estimates that are closer to each other will
carry the most weight

The opening rule of the Baraisa also drives REbRZ’s approach.
However, whereas T”K meant to apply his approach in all cases, we
suggest that REbRZ is limiting his suggestion to a case where none
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of the estimates can be considered close, e.g., they are all equidistant
from each other. Rather than applying the opening majority rule
twice (as T”K does), he prefers to view two of the three assessments
as being the same (even though they are not). The two he chooses
to use are the two lower ones and thus he adjusts the values of the
property to the midpoint of these two numbers. The Gemara chal-
lenges this by saying that we can carry out this process equally well
with the upper two assessments which would result in an assess-
ment of 110. As we explained in a previous section, the Gemara re-
sponds:

9 PN KD 713 NTINAT T2 KNP N NN IR

Le., if an assessment is to be discarded it is more reasonable that it
be the highest one. What REbRZ’s position would be in a situation
where the 3 values are not equally spaced and where the middle val-
ue is closer to the upper value, is not addressed by him. We suggest
that this asymmetrical case (i.e., where the middle assessment is not
equidistant from the highest and lowest assessments) is what Ache-
rim are primarily addressing in the final case of the Baraisa.

In dealing with the asymmetrical case, Acherim reject T”K’s ap-
proach of always using the middle assessment, and instead offer a
methodology to first measure “closeness” and then decide what to
do. Their recommendation is to divide the range of the values by
three and decompose the range of numbers into three intervals. In
the 80, 100, 120 case, the intervals are thus 80-93', 93%-106%,
106%-120. Trisecting the range in this way always results in the
highest and lowest valuations falling into the two distinct end inter-
vals. The “middle” assessment may however fall into any of the
three intervals. For example, in Rambam’s case of 90, 100 and 130,
the three intervals are 90-103'5, 103'%45-116% and 116%:-130, and the
middle assessment falls in the same third as the lower assessment. In
this case Acherim would consider the 2 lower assessments to be the
same, and using the “majority” rule would eliminate the highest
value from consideration. Thus, unlike Rambam’s conclusion that
the valuation is 110, Acherim put the final valuation between 90
and 100 and presumably would choose exactly 95 as REbRZ would.
In a case of 80, 110 and 120, on the other hand, Acherim would part
ways with both TK and REbRZ (since the two higher assessments
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are in the highest of the three intervals, 10625-120) and would give
the final assessment as 115 (i.e., midpoint of 110, 120).

To support our position, that Acherim are dealing with some-
thing other than the 80, 100 and 120 case, note that they never men-
tion 93%, nor offer any number, nor rejects outright either of the
specific values offered by T”K and REbRZ. Acherim are merely
trying to define when we consider two assessments to be the same
and allow us to apply the “majority” rule in order to eliminate the
third assessment.”

What will Acherim hold in a case where all assessments fall in
different intervals, e.g., the symmetrical case of 80, 100 and 120? We
offer the possibility that this is the case the Gemara is addressing
when it places Acherim’s evaluation at 93%, i.e., the upper end of
the lowest of the three intervals. Thus,

¢ unlike Rashbam who attributes Acherim’s disagreement
with REbRZ to a desire to give more leeway for error when
all the assessments exceed 80, and

o unlike the Gamara’s explanation that the middle assessor
modified his more extreme intentions because of knowledge
of what the other assessors were going to say,

the choice of 93% is chosen simply because it is the high point of
the lowest meshulashin interval. This allows Acherim, like REbRZ,
to give more credibility to the lower two assessments while not to-
tally ignoring the 120 assessment® (as REbRZ does).

» Is Acherim’s choice of division by 3 arbitrary, or related to the fact that

there are three assessors? Rambam seems to say that there are always 3 as-
Sessors:
TR ARG PROPA AW PTIN AR XDV PANDW AR MWIID MY R

AIARO2W D mAWE XM L0 R 12 IR 7 953 12 NV 7N 17 RN
However, Rashbam says three is not the designated number of assessors
but the minimum:

TWRWR MND 772 MW PRY. L.OWD 1T I T

If so, had Bais Din appointed 4 assessors would Acherim suggest division
by 4 or still stick with 3? As we will explain at the end of this section, di-
vision by 3 parallels the “3 sigma rule” used in modern statistics.
Le., the range of the lowest interval is directly related to the 120 assess-
ment.

26
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From a modern statistical perspective, Acherim’s choice of 93%
in the symmetrical case is appealing for another reason. In studying
distributions of numbers, the “3 Sigma” rule (meshulashin?) says that
almost all data from a Normal Distribution (bell-shaped curve) lies
within 3 Standard Deviations (i.e. 36) of the Mean.” Thus o is
roughly estimated for a distribution by dividing its range by 6. As a
result, for the Baraisa’s case of 80, 100 and 120 the “3 Sigma” rule
yields a ¢ estimate of 6% ((120-80)/6) and the choice of 93 is tan-
tamount to choosing as the assessment a value that is exactly one
standard deviation below the mean value® of 100.

Our explanation of what Acherim hold in the symmetrical
case preserves the Gemara’s basic contention that Acherim place
the assessment at 93', albeit not for the reason the Gemara
gives. In this way the Gemara may have had a Mesorah on the
amount Acherim said, but not on the reason. Thus, when Rav
Ashi says he cannot understand Acherim’s reason, he in effect is
saying that he cannot halachically follow the Mesorah without
understanding the reason. By us explaining the rationale of
Acherim in a more intuitively (statistically) appealing manner it
justifies Acherim’s position and allows it to be halachically applied.

¥ 'This rule is generally extended to include non-Normal symmetrical uni-

modal-distributions. For a Normal distribution about 99.7% of the popu-
lation lies within three standard deviations of the Mean. For “all” distri-
butions there is the more general Chebyshev Rule which says that at least
89% of the data lie within 3 standard deviations of the Mean.

*  While the “middle” concept of Mean and Median dates back to the
Greeks and presumably might have been known to the Chachamim, the
reasoning they used to arrive at their conclusions seems to be driven by a
different set of logic (majority rule). The standard deviation is of much
more recent vintage and was certainly not formally known to the
Chachmei HaTalmud. Chebyshev Rule (see previous footnote), tying the
percent of the numbers in the list to the number of standard deviations
they are from the center, was not formulated until 1867. Nevertheless, we
have shown that by using an alternate analysis the Chachmei HaTalmud
could have come up with a solution that parallels some elements of this
later mathematical discovery.
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A Final Thought

In this final section of the paper we would like to discuss a broader
implication of the way we have explained the Gemara in Bava Ba-
sra. Our explanation has the Tanna Acherim promulgating a posi-
tion far more complex than the one the Gemara attributes to them.
While there is much leeway in explaining a pasuk in Chumash diffe-
rently from the way the Gemara does,” as well as explaining a
Mishna far differently from the way the Gemara does,’® the caveat
is always that the difference in explanation may not change a hala-
cha. In this case our explanation of Acherim, particularly in the
asymmetrical case, results in a different numerical valuation of a
property from the one the Gemara offers. Indeed, had the Gemara
not concluded with its statement that Rav Ashi “did not understand
Acherim,” we would not have offered our explanation no matter
how many questions the Gemara’s explanation of the Baraisa raised.
However, in this case Rav Ashi’s concluding remark rejects the pe-
sak previously given by the Gemara. Moreover, neither Rav Ashi
nor the Gemara offers an alternate opinion as to what to do and in
fact Rambam does not conclude according to Acherim. In such a
situation we feel there is no problem with our offering a different
explanation.’' Since the Gemara does not end with a halachic decision,
our explanation does not contradict the Gemara’s conclusion. &R

¥ See, e.g., Obr HaChaim Devarim 32:1.

% See, e.g., Rambam Perush HaMishnah, Nazir 5:5.

' In many ways what we are doing is analogous to an explanation of the
Mishna Kesubos 93a given by Nobel Prize winner Prof. Yisrael Aumann
“Game Theoretic Analysis of a Bankruptcy Problem From the Talmud,”
Journal of Economic Theory, Vol. 36, Issue 2, August 1985, pp. 195-213.
The Mishna there describes 3 scenarios of how much money to pay 3
debtors of different amounts, from an estate that cannot meet the full
debt. The Gemara challenges the Mishna’s recommendations and con-
cludes with Rebbe ostensibly rejecting the Mishna’s conclusions. The Ri-
shonim discuss many difficulties with the Gemara’s presentation and are
unable to offer a satisfactory explanation of the Mishna’s recommenda-
tions. Prof. Aumann showed that using modern Game Theory the Mish-
na’s recommendations are perfectly consistent.



104 : Hakirab, the Flatbush Journal of Jewish Law and Thought

Appendix

Bawva Basra 107a

TR DONRN2 DI DOV 7392 MR TAR DWW I1TVW AWOW 1327 1N
TARY 7N MR TR WAL T DV 1IN IR DWW 2ONRN MR
773 IR PITY 9272 MYOOR 927 7302 N7 DWW IR TARY 2°IWY MR
7122 PTI OMRT IRA PWHYM PP XMW PV DR DNR 2VWN2
RYIR K7 920 RP DOYWN2 N7 IR PITX M2 TYOHR 027 RNYORD XNH
RP 737 AR RPT ORI 0RD 70V Y0 RPT 200V IARPT ORI MW PYwn
WY RP 7D WARPT ORI KW WP IR RVIR ORT 72X 7PY WY V0
SRR N NN VIR NP TIWY VY RP DOWOW IRPT R 7KDY 9wy
RP PWHOWM 1002 RO PV IR 20K 707 9pon K2 732 nnnT 72
WO RP QWY MR RPT ORI ROW RN RNOM YWD RYVIR ORT 0720
7721 7ORPY RN?M 000N YD RP 3R MRPT ORM TPINRY XN 070N
SRI2AMNR ORI V210 RPDLA RPT ORND7 720 WARP X?T R D90 XDHDT R
q0°%N YV RPN MRPT ORI X RN 000N IR RVIR KT 727IR
ARPT RIT P°T2) RPY RN?NY 10°90 VY DOWHW MRPT ORI TOINR? XNYM
T7°2 RPN DR VIR ORNAMR ORT 1D XIPOLA XPT ORNDMM D20 OV
RAVD SWR 27 KR 2RI 7997 RINT 27 WK DY P RY XA DINAT
TP R PWIW IR OIMT N FTONND 1107V RNODT VT KD 2ONRT
K7 77913 °1°77 RAYD WK 27 K 7293 03772 RN R 27 0K WY
27NN T RN VT

English Translation

Our Rabbis taught: three went down to assess, one says it is a
maneh {100 zuz} and two say 200 {zuz}, one says 200 and two say a
maneh, the one being in the minority is overruled. One says a ma-
neh, one says twenty {80 zuz}, and one says thirty {120 zuz}, it is
adjudged at a maneh. R. Eliezer b.R. Zadok, said: It is adjudged at
90. Acherim said: we make an estimate between them and are me-
shalshin {divide into three parts}. He who said, ‘It is adjudged at a
maneh,” adopts the middle course. R. Eliezer b. R. Zadok, who said,
‘It is adjudged at ninety,” opines that the land is worth 90, and he
who said twenty made a mistake by 10, and he who said maneb
made a mistake by 10. On the contrary! Assume it is worth 110 and
he who said a maneh underestimated it by 10 and he who said thirty
overestimated it by 10? Adopt the first two lower values, since nei-
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ther exceeds the sum of one maneh. Acherim said to make an esti-
mate and be meshalshim holds the land is worth 93'%; he who valued
it at twenty underestimated it by 13%; he who valued it at a maneb
overestimated it by 13%. Logically the latter should have given a
higher estimate but did not do it because he thought, ‘It is enough
that I have exceeded my colleague’s by so much.” On the contrary!
Assume the land is worth 113%; he who valued it at a manebh unde-
restimated it by 13%, and he who valued it at thirty overestimated it
by 13'%; logically he should have submitted a higher estimate. He
thinks, ‘It is enough that I have exceeded my colleague’s by so
much.” At all events one should adopt the first two, since both do
not exceed a maneb. R. Huna said: The halachab is like Acherim. R.
Ashi said: We do not know the reason of Acherim; shall we admi-
nister the law in accordance with their view? The judges of the Ex-
ile taught: The difference between them is calculated and divided by
three. R. Huna said: The law is in accordance with the Judges of the
Exile. R. Ashi said: We do not know the reason for the opinion of
the judges of the Exile, shall we administer the law in accordance
with their view?





